Abstract. We present a semilinear relaxation approximation by hyperbolic-parabolic equations for quasilinear, possibly degenerate, parabolic problems, in several space dimensions. We prove the convergence of the approximated solutions to an entropy solution of the parabolic equation.
1. Introduction. We consider the Cauchy problem for a parabolic equation (u) N + %U(Mu)) Xi In the purpose of approximate the solution u, we introduce the following semilinear system of equations (12) In this paper we want to show that, under the hypotesis that f^x) = Mi(wo), a subsequence of {u 6 } converges to a solution of problem (1.1) when e -> 0 . To this aim, we assume that M is a Maxwellian Monotone Function (MMF) for system (1.2) in some interval / G R, i.e. M satisfies the following conditions: The condition (M4) implies the quasimonotonicity of the right hand side of the equations in (1.2), for e < eo; then special comparison and stability properties for system (1.2) are available ( [7] , [16] ; see also [9] , [13] and [14] for semilinear hyperbolic systems).
A system of type (1.2), with M satisfying (Mi) -(M4), is similar to the BGK approximation for Euler equation (see [4] ). We recall that the kinetic approximation of fluid dynamic equations is a classical problem in mathematical physics: the Euler equations can be formally obtained as the fluid dynamical limit of Boltzmann equations (see [4] , [5] and references therein), but this limit has been rigorously established only as long as the limit solutions are regular. In the last years the rigorous theory of kinetic approximations for solutions with shocks, when the limit equation is scalar, has been developed. In [3] a convergence result of a fractional step continuous Boltzmann approximation to a parabolic (possibly degenerate) equation is proved. In [15] a continuous velocities BGK model is proved to be well adapted to describe general multidimensional scalar conservation laws as its microscopic scale, e > 0 , tends to zero. A related kinetic formulation of conservation laws can be found in [11] ; moreover they suggest an extension of such formulation to parabolic (possibly degenerate) equations in conservation form.
We observe that the presence of the regions {x € IR rf ,£ > 0 : B'(u{x,t)) = 0} makes the problem (1.1) of mixed type, in particular of hyperbolic-parabolic mixed type.
The porous media equation is an example of parabolic equation which degenerates in one point. Another kind of degeneracy has been investigated in the framework of "mushy" regions by [1] .
The main features of our degenerate parabolic problem are the nonexistence of globally defined smooth solutions and the nonuniqueness of weak solutions, as in the pure quasilinear hyperbolic case.
It is well known that, for the hyperbolic case, uniqueness of solutions holds only in the class of functions verifiying special admissibility conditions called entropy inequalities [10] .
In the same way, as a consequence of the possible degeneration to a hyperbolic problem, it is necessary to introduce the entropy inequalities for the equation in (1.1). DEFINITION 
for allkeM and for all y <E Cg?QR> d * (0, T)) , <p > 0 and
Existence and uniqueness results for solutions, for the general case of equation (1.1), under different hypothesis, can be found in many papers, see [6] and reference therein; in particular we recall [17] , [12] and [2] . In these papers the existence of an entropy solution is proved; however, only in the pure hyperbolic case the result about uniqueness is completely satisfactory [10] . More precisely, in the general case it is possible to obtain uniqueness for solutions which are limit of the vanishing viscosity method, but it is still an open problem whether or not it holds for all weak solutions satisfying conditions (E).* The plan of this paper is as follows: in Section 2 we prove existence, uniqueness and stability for solutions to system (1.2). In Section 3 we show that a subsequence of {u 6 
It is possible to prove that this equation can be approximated by means of the following system of semilinear equations 2. Existence, uniqueness, stability for the system. In this section we prove existence, uniqueness and L 1 -stability for the solutions of system (1.2). Through the whole paper we assume that the following conditions are satisfied: A function f e is a solution of the system (1.2) if and only if for i = 1,..., m, // is given by the Green's formula 
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where iy := X3t=i /»• We want to prove that for every e > 0, there exists r > 0 sufficiently small such that <j) e is a contraction from S T in 5 r . Using the assumptions on the functions M and G we obtain
where Ly is the Lipschitz constant of G in [-V, V]. Hence, for every e > 0 there exists a value r sufficiently small such that </> e (S r ) C 5 r . In a similar way we obtain that, if /i, /2 € 5 r , then
therefore, for r sufficiently small, (/> e is a contraction in S T and the conclusion follows.
) be the corresponding solutions of the equation in (1.2), for some T > 0, and
Assume that M is a MMF on the interval I := {u G IR : \u\ < V}. Then for 0<s<t<T 
Then we have
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Now we go on following [9] . Using the quasimonotonicity of Q e we obtain ^H+tf-JDiQiw-Qid*) 
p(t) < eW-V^-^piO).
Now the conclusion follows. D
From the above proposition we immediately obtain the following result. COROLLARY 
Under the hypothesys of Proposition 2.3, if then fi(x,t) <7i(x,t) a.e. inJR d x[0,T].
Now we can prove an L 00 estimate, uniform in 6, for classical solutions of (1.2). The proof is based on comparison with the solutions of the ordinary differential problems
The assumptions made at the beginning of the section ensure that, for such initial data, the differential equation admits global solutions .
Let T > 0 and VT -= max < max \w^\, max \w I > . -dr + M^-IKIIL-^)) < //(»,*) < CiT + MidlwollLoo^)), 0 < t < T, 
/ ^mx + h,t)-ff(x,t)\dx<u>(\h\).
As regard to equicontinuity in t we need the following interpolation lemma due to Kruzkov [10] . 
\w(x + h,t) -w(x,t)\dx < un(\h\) .
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Assume the following condition holds:
1) / (w{xj + T)-w(x,t))<p(x)
\ju> < CQT\\ip\\ C 2 , for every t,t + r G (0,T) (r > 0) , for every tp G C^ft) and some constant C^ > 0 .
Then for 0 < t < t + r < T we have where / |w;(a: + h,t) -w(x,t)\dx < (JOQ(T)
wn(r) = CQ mm \\h\ + a; n (|ft|) + -^
We will use the above lemma to prove the following two propositions. PROPOSITION Proof. As in the previous proof, we have only to prove inequality (3.1) for //, for i/ < t < t + r < T,T G (0,ro), . Let (^ G C^(lR d ). If ^ 7^ 0 we can use the Green's formula (2.1), as in Proposition 3.1.
We obtain 
ft(x,t + T)-ft(x,t))<p(x)dx
< f [ ftme-^Kiix-y^ + rMx-Xit + T))
Mi(u € (y, s)) + /3iG(u e (y, s)) ) v(x -A*(* -s))dx ds dy
As regard to h we have
Using the expression of i^, we obtain for t > v and e G (0, i/)
I ^-^Kfa t + r) -e-ilfiCa;, t)| < r (^-+ ^-i") = r f ^-1 + C^ .
Hence there exists a positive constant C, depending on i/ and Aj, such that |A| < l^llci(iRd)ll/otlUi(iRd)Cr .
As for /2 we have
-M i (^e(x,s + r))+ftG(u e (x,s + r))j da? dy ds t + rJ-Z^x^JM^dx < C|Mlc 2 (IR<T , for i = l,...,m. For i = m+1, ...,iV, the set of hyperbolic equations, the same estimate can be obtained using the Duhamel's formula (see [14] ). Summing up the inequalities (3.2) for i = 1,..., N we obtain the claim. □ Proposition 2.2 and 3.3 allow us to use compacteness method to prove the convergence of a subsequence of {/ e }, respectively of {w € }, to some functions / and u. The following propositions are necessary to prove that u is an entropy solution to problem (1.2). Now we can prove the following convergence theorem. since the function B is the identity, it is sufficient to set iV = 2 in order to build a relaxation approximation system. We set If the parabolic term degenerates, 7 has to be zero to verify the monotonicity conditions; therefore, as a consequence of the degeneration, the system contains both parabolic and hyperbolic equations.
